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Abstract 
Reduced-order haemodynamic models [1,2] —one- 
or zero-dimensional— can reproduce with high 
accuracy the averaged pressure, cross-sectional area, 
and volumetric blood flow rate in arterial and venous 
vessels [1]. For these models to represent patient-
specific waveforms and be applicable in clinical 
scenarios, efficient real-time calibration techniques 
are required. This work introduces an adjoint-based 
[3] method applied to a one-dimensional arterial 
model to reconstruct the inlet flow-rate waveform 
from a downstream reference pressure signal, which 
can be readily obtained using applanation tonometry 
or brachial cuffs, achieving accurate results with low 
computational cost. 

Methodology 
Haemodynamic 1D formulation 

 

Figure 1. 1D haemodynamic modelling scheme of a vessel. 

The haemodynamic model considered is a nonlinear 
hyperbolic system describing wave propagation in 
compliant arteries or veins (Fig. 1) after cross-
sectional averaging of the Navier–Stokes equations. 
In vector form, the governing equations are written 
as 

𝜕𝜕𝐔𝐔(𝑥𝑥, 𝑡𝑡)
𝜕𝜕𝜕𝜕

+
𝜕𝜕𝐅𝐅(𝑈𝑈)
𝜕𝜕𝜕𝜕

= 𝐒𝐒(𝐔𝐔) (1) 

where 𝑼𝑼 = [𝐴𝐴,𝑄𝑄]𝑇𝑇is the vector of cross-sectional 
area (assumed circular) and volumetric flowrate. The 
flux and source terms, 𝐅𝐅 and 𝐒𝐒 , respectively, include 
the inertial contribution, nonlinear convection, 
friction, gravity, and the pressure-gradient term. The 
pressure is closed through a transmural pressure 
relation 𝑝𝑝(𝐴𝐴), which also defines the pulse-wave 
velocity 𝑐𝑐(𝐴𝐴). 

Adjoint 1D formulation 

Let the problem domain be the vessel length and one 
cardiac cycle (0,  𝐿𝐿) × (0,  𝑇𝑇). A functional 𝐽𝐽 is 
defined as the quadratic normalized error between 
computed and measured pressure 𝑝𝑝𝑚𝑚 at a 
measurement location 𝑥𝑥𝑚𝑚,  in continuous form 

𝐽𝐽 = � � 𝛿𝛿(𝑥𝑥 − 𝑥𝑥𝑚𝑚)𝜀𝜀2(𝐔𝐔)
𝐿𝐿

0

𝑇𝑇

0
 d𝑥𝑥 d𝑡𝑡 ,  

with             𝜀𝜀(𝐔𝐔) =
𝑝𝑝 − 𝑝𝑝𝑚𝑚
𝑝𝑝𝑚𝑚

 . (2) 

By linearly perturbing both the governing equations 
and the functional 𝐽𝐽 ,  the adjoint system is obtained 
for the adjoint variables 𝚿𝚿 = [𝜓𝜓1,𝜓𝜓2]𝑇𝑇: 

−
𝜕𝜕𝚿𝚿(𝑥𝑥, 𝑡𝑡)

𝜕𝜕𝜕𝜕
+ 𝚪𝚪(𝐔𝐔)

𝜕𝜕𝚿𝚿(𝑥𝑥, 𝑡𝑡)
𝜕𝜕𝜕𝜕

= 𝑹𝑹(𝚿𝚿,𝐔𝐔). (3) 

The source term 𝑅𝑅(Ψ,𝑈𝑈) depends on the derivatives 
of the forward source terms and on the derivative of 
the error functional 𝜀𝜀(𝐔𝐔). Therefore, the adjoint 
variables are driven by the pressure mismatch and 
carry sensitivity information throughout the domain. 
The adjoint Jacobian is given by the negative 
transpose of the forward Jacobian, that is, 𝚪𝚪(𝐔𝐔) =
−𝐉𝐉(𝐔𝐔)𝑇𝑇. The adjoint boundary and terminal 
conditions are chosen so that the variation of 
𝐽𝐽 depends only on the control variable, namely the 
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inlet flow rate 𝑄𝑄𝑖𝑖𝑖𝑖(𝑡𝑡). The resulting boundary 
gradient is: 

∇𝐽𝐽𝑄𝑄(0,𝑡𝑡) = −�𝜓𝜓1 + 2
𝑄𝑄
𝐴𝐴
𝜓𝜓2� (0, 𝑡𝑡) (4) 

 

Numerical solving 

For both the forward and adjoint problems, a first-
order centred Godunov scheme with Roe averages 
[4] was used to update the cell variables, using a fixed 
spatial step Δ𝑥𝑥 and adaptative Δ𝑡𝑡 satisfying the CFL 
condition, although time runs backwards in the 
adjoint problem: 

𝐔𝐔𝑛𝑛+1  =  𝐔𝐔𝑛𝑛 −
Δ𝑡𝑡
Δ𝑥𝑥 �

𝛿𝛿𝐌𝐌
𝑖𝑖−12

+ + 𝛿𝛿𝐌𝐌
𝑖𝑖+12

− �, (5) 

𝚿𝚿𝑛𝑛  =  𝚿𝚿𝑛𝑛+1 +
Δ𝑡𝑡
Δ𝑥𝑥 �

𝛿𝛿𝐍𝐍
𝑖𝑖−12

+ + 𝛿𝛿𝐍𝐍
𝑖𝑖+12

− �. (6) 

Results 

The method is tested on a model of the left common 
carotid artery (LCCA), using geometry and 
mechanical properties from [1]. Figure 2 compares 
the reconstructed inlet flow-rate waveform with the 
reference waveform obtained from a high-fidelity 3D 
simulation. The corresponding pressure waveform 
and the convergence of the error functional across 
iterations are also shown. The complete 
reconstruction required less than one minute using a 
CPU-based implementation on an AMD Ryzen 7 
7700X processor, reaching errors below 1% for 
pressure and below 2% for flowrate. 

Conclusions 
The adjoint method provides an efficient approach 
for solving inverse problems in 1D hemodynamics. 
By deriving the adjoint system in, the sensitivity of 
the pressure-matching objective can be computed 
directly at the inlet boundary. This allows the 
recovery of unknown inflow conditions from 
pressure measurements without repeated finite-
difference evaluations, yielding an efficient gradient-
based optimization framework. 
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Figure 2 Evolution of the inlet flow-rate waveform and distal arterial pressure waveform throughout the optimization iterations. 
The corresponding 𝑳𝑳𝟐𝟐 error metrics for both quantities are also shown. Simulations were performed using 𝚫𝚫𝒙𝒙 = 0.1 cm, CFL = 
0.9. 𝑳𝑳 = 12.6 cm, 𝑻𝑻 = 1.1 s. 
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