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Introduction & Clinical Motivation
Reduced‐order haemodynamic models enable fast prediction of arterial pressure and flow wave‐
forms. To provide patient‐specific estimates of clinically relevant variables, these digital twins must
be calibrated. Clinical deployment requires real‐time calibration using a limited set of non‐invasive
measurements.

Arterial Modelling
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Figure 1. 1D modelling approach for arteries; Windkessel
models for terminal vessels/vascular beds.

One‐dimensional (1D) haemodynamic mass and
momentum conservation are written as [1]:
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Here, A is the luminal area and Q the volumetric
flow rate. The source term accounts for:
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The vessel wall is described through the
pressure–area relation:

p(x, t) − pext(x, t) = K(x)
[
α

1
2(x, t) − 1

]
+ p0(x),

with α(x, t) = A(x, t)
A0(x)

the dilation ratio.

A geometric cutoff reduces model complexity and computational cost. Distal vascular beds are
replaced by Windkessel models [2], which account for peripheral resistance and wave reflections
through outlet boundary conditions (Fig. 1).

Model Characterization

Patient‐specific data
are obtained from non‐
invasive or minimally
invasive measurements
(Fig. 2):

Geometry: MRI and
echocardiography.
Peripheral pressure
waveforms: brachial
cuffs and applanation
tonometry.
Flow‐rate waveforms:
phase‐contrast MRI
and Doppler
echocardiography.

These data are used to
personalize the digital
twin and validate its
predictions.

Geometry

(a) MRI of the thoracic aorta [3]; Ultrasound imaging
(cross‐sectional and axial views) of the carotid

bifurcation.

Waveforms

(b) Doppler ultrasound
measurement of blood flow in

a common carotid artery.

Figure 2. Examples of non‐invasive geometrical and haemodynamical measurements in
healthy young patients.

Problem Statement
Accurate agreement between simulations and measurements requires efficient calibration techniques.
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Figure 3. Schematic representation of the problem

The objective is to reconstruct the inflow
waveform (ideally aortic flow rate) Qin(t)
from a pressure signal measured at the left
common carotid artery (LCCA). The inverse
problem is formulated as the minimization of

J (Qin) =
∫ T

0
E(t) dt,

where the pressure mismatch is defined as

E(t) = 1
2

(
pm(t) − p⋆m(t)

p⋆m(t)

)2
.

Here, pm(t) and p⋆m(t) denote the predicted
and reference pressure waveforms at the
measurement location, respectively.

Assuming known vascular geometry and me‐
chanical properties, the inlet flow rate wave‐
form is reconstructed from synthetic pres‐
sure signals:

Qref
in (t) −→ p⋆m(t) −→ Qin(t)?

Adjoint method
Adjoint methods provide an efficient physics‐grounded framework for calibration problems [4].

To incorporate the governing equations as constraints, we introduce the Lagrangian [5]

J = J + P = J +
∫ T

0

∫ L

0
Ψ⊤

(
∂U
∂t

+ ∂F(U)
∂x

− S(U)
)

dx dt,

where Ψ(x, t) = [ψ1(x, t), ψ2(x, t)]⊤ are the adjoint variables (Lagrange multipliers).

Requiring stationarity of J with respect to U eliminates the dependence on state perturbations and
yields the adjoint system

−∂Ψ
∂t

− J(U)⊤ ∂Ψ
∂x

=
(
∂S
∂U

)⊤
Ψ − ∂E

∂U, −→ −∂Ψ
∂t

+ Γ(U)∂Ψ
∂x

= R(U,Ψ),

which, as the forward model, is hyperbolic and shares its characteristic structure, but propagates
information backward in time.

The resulting sensitivity of the objective function to the inlet flow is

∇QinJ (t) = −
(
ψ1 + 2Q

A
ψ2

)
(0, t),

which is used to iteratively update the boundary condition (Fig. 4).
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Figure 4. Adjoint‐based optimization procedure for inlet flow reconstruction. Forward and adjoint systems are
discretized with a first‐order Godunov finite‐volume method.

Results
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Figure 5. Calibration test scenarios: (a) Left Common Carotid Artery and (b) Left Common Carotid Artery with Tapering.
High fidelity 3D signals from [1]

Final Discussion & FutureWork
An adjoint‐based framework was developed for the calibration of 1D arterial vessels. The method
achieves rapid convergence, with an approximately exponential reduction of the pressure mismatch
and final errors in pressure below 1%.

Future work: rigorous convergence analysis, extension to complex arterial trees, and simultaneous
calibration of inflow waveforms and Windkessel boundary‐condition parameters.
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